Although instability has long been examined and utilized by humankind, some phenomena, such as creases in elastomers and kink bands in composites, are still understood at a cursory level. Here, we distinguish material instability from structural instability and propose a general criterion for the onset of material instability. We identify that creasing is a mode of material instability and provide theoretical predictions for crease nucleation in compressed soft materials via the proposed criterion, e.g., the critical strain is -35.6% for a plane-strain crease in the neo-Hookean model. We also demonstrate that strong anisotropy can induce early instability even under a small compressive strain, which is therefore a dominant factor for kink bands in composites. The proposed criterion also offers post-instability predictions for the orientations of localized deformation zones. The above theoretical advances facilitate our physical understanding of material instability and provide a framework to avoid or harness instabilities for future material design and fabrication.
A general criterion for material instability
We identify the common characteristics or definition of material instability as follows: the occurrence of material instability is determined only by the local stress/strain state, is independent of the shape and dimensions, and is usually accompanied by localized deformation. Hereinafter, these characteristics will be demonstrated in the following derivations.
To predict various material instability phenomena, we first derive a general criterion for the onset of material instability. As shown in Fig. 2 , considering a uniformly deformed region V with the deformation gradient F , we investigate whether there exists some perturbation  F within a subregion 0 V to lower the energy. For hyperelastic solids, the change in the strain energy density  is a function of  F , and the Taylor expansion of the strain energy density around the equilibrium state F is [1] where P is the first Piola-Kirchhoff stress. [2] Note that the first term in Eq. [2] is zero due to the following relation, [4] Note that the deformations near both sides of instability interface should be equal, we call the perturbation  
Remark 1.
Although the above derivation is based on hyperelastic solids, the criterion is also applicable to non-elastic solids, as long as one replaces the strain energy change with the change in the work of internal forces, which is given by E (e.g., the Green-Lagrange strain
) are adopted, the change in the total energy with respect to the strain (n) E is given by [6] where (n) T is the work-conjugate stress measure of
is nonzero due to the nonlinear relation between (n)  E and  u , which complicates the derivations and the final formula. The corresponding expression in the criterion can also be obtained via the chain rule as
: : [7] Note that the  P / F -based criterion possesses the simplest formulation. Remark 3. In the preceding derivations, the reference configuration is not limited to a stress-free state, indicating that the  P / F -based criterion is applicable to any reference configuration (SI Appendix, section A). In particular, if we take the current configuration as the reference configuration,  P / F under initial and current configurations satisfy the following mutual transformation: [8] where the superscripts 't' and '0' denote the current and initial configurations, respectively. Obviously, the ellipticity of 
Comparison with previous criteria
For necking in a tensile bar, the proposed  P / F -based criterion gives the following prediction for the onset of necking: [9] which degenerates into the famous Considè re criterion (21).
For the shear band in elastic-plastic solids, according to Eq. [7] and Rice's assumption :
SE  S C E (namely, the linear comparison solid),  P / F can be expressed as [10] which degenerates into the acoustic-tensor-based criterion proposed by Hill and Rice (22, 23). Therefore, the proposed  P / F -based criterion is applicable to the above material instability phenomena, and their corresponding criteria are just special cases of this general criterion. In the following, we employ the proposed criterion to investigate some other unsolved instability phenomena.
Theoretical prediction of creases in soft materials
Creases are ubiquitous in sufficiently compressed soft materials, as shown in Fig.  1B , in which a sharp self-contacting fold is developed on the free surface when a critical strain is reached. Creases have attracted tremendous interest from both scientists and engineers, such as crease-induced fatigue in soft robotics (8) , sulci in biological tissues (34-36) and creases in tunable devices (37-39). The pioneering theory established by Biot in 1963 predicted a critical strain ( 45.6%  ) corresponding to the wrinkle mode (40), which remained unchallenged until 1999, when Gent found a discrepancy with their experimental observations, wherein the surface formed creases rather than wrinkles at a significantly lower strain of 35%  (41). Subsequent experimental results and numerical simulations validated that the critical strain for energy decrease is approximately 35%  (30, 42-44). Although it is generally accepted that creases and wrinkles are two distinct bifurcation modes (45, 46), the theoretical prediction of crease nucleation is still at a nascent stage. Previous analytical attempts have been based on assumed post-instability configurations, which have to confront challenges imposed by the geometric singularity and self-contact of a crease, and the predictions from these analyses rely on the assumed configurations (47-49).
In contrast to the previous routine, which were limited to assumed configurations, we identify that creasing is essentially a typical mode of material instability due to the following characteristics: (i) independence of dimension and shape, (ii) the threshold determined by the deformed state, (iii) the localized deformation in the post-instability stage. The proposed general criterion for material instability is then adopted to derive the critical condition for creasing.
Assume that an incompressible neo-Hookean half-space is subjected to a plane-strain compression along the 1-direction, as shown in Fig. 1B  independent of the two material parameters. In contrast, the critical stretch for a plane-stress crease in the Mooney-Rivlin model depends on the ratio of the two material parameters as follows: . When the critical strain is reached, the post-instability evolution involves significant strain softening as indicated by the abrupt decreases in load. Note that the deviations in both material preparation and sample size make almost no difference in the critical strain. As shown in Fig. 3D , plane-stress creases undergo larger critical strains than plane-strain creases, which is consistent with our theoretical prediction. The average deviation between the theoretical predictions and the experimental results ( 47.2% ) is approximately 5.4% for the Mooney-Rivlin model ( 7.5% for the neo-Hookean model), which may be attributed to weaker constraints and greater sensitivity to perturbations/imperfections than that under the plane-strain condition. 
Strong-anisotropy-induced material instability
After investigating material instability in isotropic soft materials, we turn our focus to highly anisotropic materials. Kink bands, as shown in Fig. 1C , are commonly observed in fiber-reinforced polymers (FRP) subjected to compressive loading along the fiber direction, which is responsible for the relatively low compressive strength compared to the tensile strength (e.g., the compressive strength is 45.3% of the tensile strength for Toray T800S (55)) in FRPs. Kink-band-like instabilities also exist in highly anisotropic layered materials (56-59).
In contrast to previous studies, which focused on the microstructures and heterogeneity of composites (60-65), in this section, we investigate the compression instability of a homogenous solid with strong anisotropy via the proposed criterion (see Case II in Fig. 4A ). To take account of the realistic implications, we assume that the stiffness matrix of Case II is the same as that of the layered composite (see Case I in Fig. 4A 
If we neglect Poisson's effect and assume that the modulus of the hard phase is much larger than that of the soft phase, our prediction for the critical stress can degenerate into the well-known Rosen's estimate (67) (SI Appendix, section D), i.e.,
  / 2(1 )
Therefore, we may predict kink-band-like material instability by considering only the strong anisotropy. In other words, strong anisotropy is a dominant factor for kink bands. Anisotropy can be quantitatively characterized by the energy-ratio-based anisotropy degree (68). Fig. 4B shows the variations in the critical strain and normalized compressive strength for kink bands with respect to the reciprocal of the anisotropy degree. We can increase the anisotropy degree by increasing the modulus ratio of the hard and soft phases while keeping the other parameters unchanged ) (69). It can be found that the critical strain decreases with increasing anisotropy degree, indicating early instability even under a small compressive strain. By noting that material instability and an infinite anisotropy degree both imply the loss of positive definiteness of an energy landscape (68), one can imagine that for the strong anisotropy case, a finite but small disturbance (herein a compressive load) may trigger material instability. When the anisotropy degree is sufficiently large ( 10 A  ), the critical strain is almost linear with the reciprocal of the anisotropy degree, and the slope of the asymptote can be determined by the intrinsic properties (SI Appendix, section D). Fig. 4B (55)). Based on the above study, we suggest lowering the anisotropy of composites to avoid a premature kink band, such as improving the modulus of the matrix or adopting weaving arrangement of fibers. 
Conclusions
This work is dedicated to finding an underlying universal mechanism for material instability and providing solutions for some elusive instability phenomena.
The following conclusions can be drawn: (i) We have proposed a general criterion for material instability based on the ellipticity of  P / F , which is applicable to various material instabilities and can degenerate into previous criteria for specific cases. (ii)
Creasing is essentially a mode of material instability, and we provide theoretical predictions of crease nucleation in compressed soft materials (e.g., crease diagrams of neo-Hookean and Mooney-Rivlin models), which are perfectly consistent with experimental observations and numerical results. (iii) Strong anisotropy is a dominant factor for kink bands in composites. The critical strain is nearly linear with the reciprocal of the anisotropy degree when the anisotropy is sufficiently strong. 
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Fang et al. The PK-1 stresses in the two reference configurations satisfy the following relation:
Therefore,  P / F under two reference configurations satisfy the following mutual transformation:
Noting that (BA) which demonstrates that the  P / F -based criterion is independent of the selection of reference configurations.
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In particular, if we take the current configuration as the reference configuration t X , the corresponding  P / F can be obtained as follows:
F is the Jacobian and the superscripts 't' and '0' denote the current and initial reference configurations, respectively. 
B. Crease diagrams for the neo-Hookean and Mooney-Rivlin models
The tangent modulus tensor can be expressed as
where  denotes 00 ln J   .
According to Eq. [7] in the main text, /  PF can be obtained via the chain rule, as follows:
: :
For simplicity, we take the current configuration as the reference configuration as follows:
PP FF FF
[S10] Note that completely incompressible behavior is obtained when the following relations are satisfied:
Under plane-strain compression (along the 1-direction), the stored energy function becomes
Due to the incompressibility constraint, the deformation gradient for the uniform state is 22 11 33
The nominal stress 
The Cauchy stress 
Similarly, the corresponding Cauchy stress for the uniform state is given by 
Therefore, the critical condition for a generalized plane-strain crease in the neo-Hookean model is 
Similarly, 
Under plane-strain compression (along the 1-direction), the corresponding Cauchy stress is given by 
The corresponding critical condition for a generalized plane-strain crease in the Mooney-Rivlin model is as follows: (5) 
When  P / F loses its ellipticity, we obtain the critical condition for the kink band in Case II as follows: 25   11 66  22  2  11 22  12  12 66   2  11 22  12  11 66  66  22  11 22  12  12 66  11 22  12  12 66   2  1  1 
(i) Degenerating into Rosen's prediction If we neglect Poisson's effect, the corresponding stiffness tensor D is as follows: The anisotropy can be quantified via the following energy-ratio-based anisotropy 26 degree (7):
(1)
, , [S47], the orientation of a crease is perpendicular to the loading direction.
